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Within the framework of reasonable approximation the intensity of spectral 
bands in the X-ray emission spectrum was shown to be proportional to the 
imaginary part of the one-particle Green's  function. From this ensues a 
statement about a correspondence between the distribution of the intensity 
in the X-ray emission and photoelectron spectra - correspondence theorem. 
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1. Introduction 

The traditional methods of exciting X-ray emission (XE) spectra by radiation 
from an X-ray tube or by a high energy electron flow are such that the most 
intense lines in the spectra appear, as a rule, due to the transitions of electrons 
k ~ x between the two orbitals k and x. The spectral emission lines connected 
with the one-electron transitions in the positive singly charged ion are usually 
referred to as the main or diagrammatic ones. They are fairly well treated in 
terms of different one-electron approximations, genealogically connected with 
the Har t ree-Fock theory. As most of our ideas about chemical bonds lie within 
the framework of this theory, it is therefore clear why it is precisely one-electron 
transitions which are most actively used to investigate the electronic structure 
of substance [1, 2]. It is evident that the concept of pure one-electron transitions 
is an idealization. Many-electron effects influence the one-electron transitions 
over a certain range and, besides, cause many-electron ones. For instance, besides 
the diagrammatic lines such satellites as shake-up and shake-off may appear in 
X-ray emission spectra [3] after the analogy of photoelectron (PE) spectra [4]. 
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For certain we shall speak about a molecule with completely occupied shells 
below. It is easy to see a close connection between the XE and the PE spectra 
of the molecule. In the XE spectra all transitions occur between many-electron 
states Is) of the positive singly charged ion, the same states are terminating for 
the transitions from the ground state 10) in the PE spectra (here we do not 
consider the so-called XE multiple ionization satellites) [5]. In practice this 
connection is effectively used to investigate the electronic structure of substance 
simultaneously by XE and PE spectroscopies [1, 2]. In the present paper the 
correspondence theorem will be proposed [6, 7] concerning the connection 
between the intensities of the bands in XE and PE spectra. 

2. X-Ray Emission and the One-Particle Green's Function 

XE radiation results from resonance fluorescence, in other words, from inelastic 
resonance scattering of the exciting X-ray photon by the molecule M. At the 
first stage of the fluorescence a transition of the molecule to a high-excited state 
la) occurs, the second stage is the disintegration of the intermediate state la) 
into the lower states Ic) with the emission of a new X-ray photon: 

"y(w, e ) + M(O) ~ M(a  ) ~ M(c  ) +'y '(w' ,  e'), (1) 

where y(w,e)  and "y'(w',e') are the exciting and emitted photons with the 
frequences w and w', and the polarization vectors e and e', respectively; M(a), 
M(0), M(c) are the molecule M in the states [a), 10) and ]c) with the energies 
E,,  E0, Eo respectively. The cross section of the XE process (1) is described by 
the well-known Kramers-Heisenberg relation [8] (atomic units: h = m = e = 1, 
are used in the paper): 

~a LIT r + Tl/ 12 
do'co(W, w ' ) /dO'  = OI4WW t3 . . . . . . .  0 E a - E o - w - i ' y a / 2  6 ( E o + w - E c - w ' ) .  (2) 

Here the summing-up is carried out over all states [a) of the molecule including 
the continuous states; a = 1 / 137.04; the electromagnetic interaction operators 

W = d ' e  and W ' = d . e ' ,  

where d is the dipole moment of the N-electron system of the molecule, d ry  is 
the spatial angle for the emitted photon y' ,  and ya is the radiative width of the 
state la). Furthermore let us use the second quantization where the above 
electromagnetic interaction operators are written as follows: 

+ W n l a  n al .  W = ~ W ,  aa,,az, and W'=Y~ ' + 
nl nl 

Here W.,  = (n Ire ]l) and W ' t  = (n Ire'[l), a ~+ and a .  are the creation and annihila- 
tion operators for an electron in the Hartree-Fock one-particle states In), 
obtained when calculating the ground state of the molecule. Now the full cross 



Many-Electron Effects in the X-Ray Emission Spectra 33 

section looks like this: 

dcr(w, w')/df~'  = a4ww '3 

(cl Z WI~a~atla)(a[ Z Wo,a+oaplO),z 

I 
By means of numerous transformations one is convinced that the cross section 
is expressed through the many-particle Green's function which is very difficult 
to deal with. Therefore, we shall make a number of simplifying assumptions: 

Let us use the following known assumption for all high-excited states of the 
molecule involved in (5) [9, 10]: 

[a) ~Alea)lr),  

Ic)~Alec)ls), (4) 

where lea) and [ec) are the Hartree-Fock one-particle states of the photoelectron 
in continuum, and It) and Is) are the exact states of the N-1-e lec t ron  positive 
molecular ion, A is the antisymmetrization operator which we shall further omit 
for brevity. This approximation is valid in the high energy limits, i.e. in the case 
the photoelectron energy being rather high. Here we shall only be interested in 
such processes where there occurs the decay of such a state of the ion to which 
the state with a hole on the core (X-ray) orbital x corresponds within the 
framework of the Hartree-Fock theory. We shall mark such states as Ix-l). From 
the above there naturally ensues the validity of the following relations for the 
energies of the excited states: 

Ea = Eo + Ix + e~ ; Ec = Eo + Is + e~, (5) 

where e~ and er are the PE energies in the continuum states lea) and lee), and 
Ix, Is are the ionization potentials of the states Ix -1) and Is): 

Ix ---" E~-~-Eo; Is =Es  -Eo .  

In the high energy limits the following relations are approximately fulfilled as well: 

(Olaf ailed)ix-1) ~ (O[a; ]x-1)(~ie a. (6) 

Let us also assume that the following relations are rather well satisfied: 

E ( c l a k a l ] a ) ~ E  + -1 + (s[(e~[akat]e~)[x ) 
kl  kl  

~__ ~ (ec]ea)(S[a + -1 + kal]X ) =~5(e~ --ea) Y (s]akat[x-1). (7) 
kl  kl 
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Now with the help of the assumptions made the following chain of formulas for 
the cross-section of X-ray photon scattering naturally results: 

,. -1 + -1)[ 
E W,~ Wep(X la.lO><sLa~a,lx 

I do'(w, w ' ) / d f f  4 t3 klp 
=a ww ~se ( Ix+e-w)E+F2/4 

• - I s  - e  -w ' ) ,  (8) 

where F stands for the full natural width of the state Ix-l). Let us introduce 
some rather more evident approximations: 

(x -11a p [0) ~- (x-alax [0)a~x, 
and 

(x - l [a +. am ls ) = (x-llS~m - a,.a 21s ) 
-1  + - 1  + = - ( x  l a m a . l s ) ~ ( x  ]a~a . l s )&~etc .  (9) 

Thus the cross-section formula is simplified remarkably: 

Os p3 1 
d~(w, w')/dff = - - g x ( X - 1 )  2 IW. [  = �9 r e (Ix + e - w)2 + F2/4 

" A  x ~  WlxW~x Im G t . ( - w  +e + w'), (10) 
In 

where the notations gk(s) are employed for so-called Feynman-Dyson ampli- 
tudes [11] 

gk(s)=[(slaklO)l ~. 
* A  Here Gl. is the approximate advanced one-particle Green's function 

. , . A . . . - .  <ola. I~><sla,lo) 
u l ~ t y ; - - L  , (11) 

s y + L  - i n  

where 10) is the approximate ground state of the molecule: 

[0) = a~ Ix-l). (12) 
When deducing formula (10) the formal identity 

6 ( y ) = l x m (  1 .  ], 

was used, where r/ is the positive infinitesimal quantity. 
" A  Let us assume further that the function Im Gt,  is equal approximately to the 

imaginary part of the respective advanced one-particle Green's function Gl A 
[10-13], 

A (O]a+[s)(s[atl O) 
Gt , (y )  ~ ,  

s y +Is-i~7 
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Thus we have shown that within the framework of reasonable assumptions made 
the XE cross-section is proportional to the imaginary part of the one-particle 
Green's function Gl, so long as Im G A (e + w ' - w ) = I m  Gln(e +w'-w) (since 

R (e + w ' -  w) <0,  Im Gl,(e + w ' - w ) =  0 [10-12]) 

Og4WW t3 1 
do-(w,  w ' ) / d f f =  - -  g~(x -1) E IWexl 2 

~" e (I~+e - w)2+F2/4 

WI~Wn~ Im Gl . ( -w +e +w'), (13) 
In 

where 
A R Gl~(y)=-Gt,(y)+Gt,(y) 
q- + 

___ y~ (0]a, [s>(s]al]O) (Olak]r)(rla, 10) +E , (14)  
s y + I s - i t /  r y +At +it/ 

where jr) is the exact state of the negative N+ 1-electron ion and Ar is the 
electron affinity of this state: Ar ~ E0-Er.  Eq. (13) has an advantage over more 
exact Eq. (10) thanks to the fact that there are rather well developed methods 
for calculating the Green's function Gl, in literature [10-13]. Moreover, Eq. 
(13) throws additional.light on the connection between the XE and PE spectra. 
Really, in [9, 10] it was found that the photoionization cross-section is also 
proportional to the imaginary part of the one-particle Green's function: 

do-(w, e)/de = 47rZot2w ~ Wt:~Wel Im Gt, ,(e-w)B(e-e~),  (15) 
enl 

where ee = w - I s  (it is Einstein's equation for photoeffect). Since in (13) and 
(15) the smooth functions of w' and e precede the Green's functions, it is not 
difficult to make the important conclusion about the correspondence of the 
intensity distributions in the PE and XE spectra. This correspondence becomes 
particularly clear in the diagonal approximation for the Green's function (Gt, 
Gll6i,,): 

I ' 2 
. . . . . .  4 I<w- s - W  Irelx>l i<xlre,lk>l=e (s), (16)  d (w,w ww 

do-(w, e )/de -~ 4~r2a 2w E ](w -Is]re Ik >12ek (S + Is - w ), 
ks 

(17) 

where the values Pk (S) are the pole strengths or the residues in the discrete poles 
zs of the complex matrix Green's function Gl, (z) eigenvalues Dk (z) [10, 14]. In 
the diagonal approximation they are equal to Feynman-Dyson amplitudes gk (S). 
It should be noted that when obtaining Eqs. (16), (17) the one-particle continuous 
states ]e> were not for simplicity taken into account, in other words, we restricted 
ourselves to the summing:up only over the approximate bound ionic states ]s> 
in calculating the Green's function (14) (Im Pg(s)~ 0 [14]). The influence of the 
continuum on the intermediate X-ray excited state Ix-') (Auger effect) was 
taken into account only by using in all the equations the full natural width F 
instead of the radiative width y for this state. It is easy to understand that in 
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case k ~ F, where F is the set of occupied orbitals in the ground Hartree-Fock 
state, P~(s)~0, and if k ~F, the following sum rule [10] is fair: 

2 Pk(s) = I, (18) 
S 

where the summing-up is carried out over all the states of the molecular positive 
ion. From Eqs. (16)-(18) one can readily make the following statements which 
we shall refer to the correspondence theorem [6, 7]: 

I. In the XE spectrum, in the region where in the Hartree-Fock frozen orbital 
approximation only one main or diagrammatic line due to the one-electron 
transition k -~ x is found, a whole band appears owing to all the possible many- 
electron transitions in the ion Ix -1) --)Is). 

2. The intensity distribution in this band coincides with that in the PE spectrum 
of the orbital k, the first being independent of the X-ray hole location or the 
orbital x, i.e. it is the same for the XE spectra of all the atoms and series (K, L, 
M etc.). 

3. The total intensity of this band is equal to the  intensity of the one-electron 
transition Ik )-~ [x ) calculated in the Hartree-Fock frozen approximation. Figura- 
tively, the many-electron transitions borrow their intensity from the one-electron 
one. 

Note that it is an open question whether we may divide the XE band into a 
diagrammatic line corresponding to the one-electron transition and in to satellites 
such as shake-up or shake-off acccompanying this line. For example, for the 
transitions from the upper valence orbitals with the ionization potentials I0- 
15 eV such a division can be made. But for the transitions from the innermost 
valence orbitals with the ionization potentials 15-50 eV it does not work because 
here all the transtions are substantially of a many-electron nature [15-21]. It is 
highly important that according to [10], the diagonal approximation for the 
matrix Gin is to a marked degree valid for the molecules consisting of the atoms 
of elements belonging to Periods I-III. 

The correspondence theorem is visually interpreted [7] in terms of the set of 
standard statements of the sudden perturbation theory [3, 4, 7, 22-26]. The 
terminating states of the molecular ion ]k-l> in the processes of photoionization 
k ~ e and resonance fluorescence x -~ e, k ~ x are the same. If we now consider 
these two processes to be sufficiently rapid (1/(2e)'/2 << I/Is and I/(Ix - Is) << 1/Is 
[22]) then the probabilities of the subsequent exciting of all the possible ion 
states in the PE and XE spectra are identical and equal to l(s[ko 1>I 2, where Iko') 
is the "frozen" state with the hole on the orbital k: 

]ko1> = ak[O ). 

3. Discussion 

The experimental PE and XE L2,3 (the bands k-~ e and k-~ 2p respectively) 
spectra of the atom Ar and the molecule HC1 are presented in Figs. 1, 2. When 
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Fig. 1. Photoelectron [27] and X-ray emission 
Lz,3 [28] spectra of the atom Ar; 0 is the 
Bragg's angle 

218,9eV L2,3 

209,8eV 

480 44" 

HCI / ~ PE 
/ \ 

2'0 
Fig. 2. Photoelectron and X-ray emission C1 L2, 3 [1] spectra of the molecule HCI 

comparing the PE spectra with the XE ones it is necessary to bear in mind that 
all the lines in XE L2,3 spectra split into two components k ~ 2pl/2 and k ~ 2p3/2 
due to the spin-orbital interaction, just what we can see in the case of the atom 
Ar L2,3 spectrum in Fig. 1. A comparison of the atom Ar (molecule HC1) PE 
band 3s -~ e (4o" ~ e) and the respective XE band 3s -~ 2p (40.-~ 2p) intensity 
distribution shows them to be in semiquantitative agreement in accordance with 
the correspondence theorem. 
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The correspondence theorem may be of considerable practical significance. Thus, 
it enables one to calculate the total intensities in the one-electron model of even 
such bands which are many-electron ones by origin. As an example, the XE 
inner-most valence orbital spectra can be pointed out [20, 21]. Besides, by 
comparing the PE spectrum with the XE ones or XE spectra of different series 
among themselves one can by means of correspondence theorem, readily identify 
the multiple ionization satellites in the XE spectrum under discussion: there is 
no corresponding line in the PE or in any other XE spectrum. 

Here it should be noted that the XE multiple ionization satellites can be removed 
from the experimental XE spectra using the photoelectron e (e)-X-ray emitted 
photon y'(w, e') coincidence technique [14, 29]. 

Interestingly, from formula (16) it immediately ensues that many-electron effects 
(relaxation and correlation), within the framework of the asumption made, reduce 
the intensity of the diagrammatic line k ~x .  Moreover, Pk(k -1) is known to be 
approximately equal to 0, 9 for the upper valence orbitals. Hence the many- 
electron effects do practically not influence the relative intensities of diagram- 
matic lines k ~ x  in XE spectra. This conclusion is confirmed by, e.g., the results 
of calculating the molecule HC1 XE spectra [30] by Hartree-Fock method taking 
into account electron relaxation, i.e. the orbital reorganization under the action 
of the hole on one of the orbitals. 
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